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Abstract. The paper concerns algebras of almost periodic pseu- 
dodifferential operators on IR'' with symbols in Hormander classes. 
We study three representations of such algebras, one of which was 
introduced by Coburn, Moyer and Singer and the other two in- 
spired by results in probability theory by Gladyshev. Two of the 
representations are shown to be unitarily equivalent for nonpositive 
order. We apply the results to spectral theory for almost periodic 
pseudodifferential operators acting on L 2 and on the Besicovitch 
Hilbert space of almost periodic functions. 



0. Introduction 

The paper is a study of three representations of almost periodic (a. p.) 
pseudodifferential operators on IR d with applications in the spectral the- 
ory of such operators. The symbols a G C°°(IR M ) we study belong to 
Hormander classes S™ s with < p < 1, < 5 < 1, 5 < p and met. 
We are interested in the case when a(-,£) is a continuous a.p. func- 
tion in the sense of Bohr for all £ G M. d , and study the corresponding 
algebra of pseudodifferential operators in the Kohn-Nirenberg quan- 
tization, denoted APL^ S . Such operators are called a.p. pseudodif- 
ferential operators, and have been investigated by Coburn, Moyer and 
Singer [3], Dedik j5], Filippov [8J, Oliaro, Rodino and Wahlberg [TT] . 
Pankov [TS], Rabinovich [IS], Shubin [25TI25] . and others. Recently, 
Ruzhansky and Turunen [23] have studied the related class of pseudo- 
differential operators on the torus T d where the almost periodicity is 
replaced by periodicity. Pseudodifferential operators on more general 
compact Lie groups are studied in their monograph [21] . 

In an earlier paper [31] we have shown that the transformation of a 
symbol a, defined by 

U{a)(0x,y = J^M^i- A')e- 2 ™- (A '- A) ), A, A', £ G R d 
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{ytft x denotes the mean value functional of a.p. functions), introduced 
by Gladyshev [TT] in probability theory, may be used as a representa- 
tion of APU£> S . More precisely, for fixed £ G M. d , [7(a) (£) is considered 
an operator on / 2 (IR a! ) with kernel U(a)(£)\ t y, and £ i->- C/(a)(£) is used 
as an operator- valued symbol of a Fourier multiplier operator U(a)(D) 
acting on vector-valued function spaces like J5^(R , Z 2 (IR d )). It is shown 
in [21] that the map APL^ S 3 a(x,D) !->■ U(a)(D) preserves iden- 
tity, composition, formal adjoint, and positivity (the latter result was 
proved by Gladyshev [TT] for a different class of symbols) , and therefore 
deserves the designation of a representation. 

Moreover, the evaluation at the origin of the symbol [7(a)(0) gives 
a representation of APL^ S on the space of unbounded operators on 
l 2 {R d ), such that each a(x, D) G APL™ S is mapped to a continuous 
operator l 2 {R d ) i— > / 2 _ m (M d ), s6i The sequence space Z 2 (M d ) consists 
of functions on IR d which are zero everywhere except for a countable 
set, with norm 




Thus two representations of APL^ S are defined. 

A third representation was introduced by Coburn, Moyer and Singer 
[3] and studied further by Shubin [26,29j. The idea is to define the 
spatially translated symbol a x (y, £) = a(x+y, £) and for fixed x G IR d let 
the operator a x (y, D) act on a function of two variables u(x, y). That is, 
we set (Au)(x, y) = a x (y, D)u(x, -)(y), which defines an operator acting 
on B 2 (R. d ) Cg> L 2 (M. d ) where B 2 (R d ) denotes the space of Besicovitch a.p. 
functions. In [26] it is shown that A : B 2 (R d ) <g> H s (R d ) ^ B 2 (M. d ) ® 
if s_m (]R d ) continuously for s G K, where _f7 s (IR' :i ) denotes a Sobolev 
space on M d . Moreover, it shown that a(y,D) \-t A = A(a(y,D)) 
preserves identity, composition and formal adjoint, with rather brief 
arguments. 

An important feature of the representation A(a(y,D)) is the fact 
that it is adjoined to a von Neumann algebra s^b which is a factor 
of type IIoo [3U2BH22J. If m < and a G APS% S this means that 
A(a(y,D)) G s^b- Based on this fact, Shubin [26J develops results on 
the spectral asymptotics of linear PDEs with smooth a.p. coefficients, 
that are uniformly elliptic and essentially selfadjoint. Index theory in 
this context is discussed in [3|l29]. 

This paper contains four contributions. 

First we extend the results of [31] and simplify their proofs. In 
particular, we prove that for a G APS™ S , the operator 

U{a){D) : H s (R d , l 2 s {R d )) ^ /F-M-l™- 5 !^ l 2 s _ m (R d )), s e E, 
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is continuous. Here we denote by H"(M. d , l 2 s (R d )) a vector-valued Sobolev 
space. If m < we thus have U{a){D) G J£(L 2 (R d , l 2 (R d )). The map 
a(y,D) i — y U(a)(D) is a faithful + -representation of APL^ 5 on an al- 
gebra of unbounded operators on L 2 (R d , l 2 (R d )), that preserves posi- 
tivity in the sense that a(y, D) > on the trigonometric polynomials 
if and only if U(a)(D) > 0. The map a(y,D) i— > 11(a)(0) is a faithful 
"•"-representation of APL p K} 6 on an algebra of unbounded operators on 
l 2 (R d ). It has the property that a(y,D) : H s (R d B ) \-> H s - m (R d B ) and 
U(a)(0) : l 2 (R d ) t-> ^_ m (IR d ) are unitarily equivalent for each s£l. 
Here H S (R B ) denotes a Sobolev-Besicovitch space of a.p. functions 

(cf. 

Secondly we give a detailed exposition of the results by Coburn- 
Moyer-Singer and Shubin concerning the representation 

(0.1) a(y,D)^A = A(a(y,D)). 

We prove that the operator A extends to a continuous map A : B 2 (R d )® 
H s (R d ) h-> B 2 (R d ) <g) H s ~ m (R d ) for s eR, and that the map fTT]) is a 
faithful "^-representation of APL^ S on an algebra of unbounded oper- 
ators on B 2 (R d ) eg) L 2 (R d ), that preserves positivity in the sense that 
a(y, D) > on the trigonometric polynomials if and only if A > 0. 

Thirdly, we prove that the representations (10 .11) and a(y, D) i— > 
U(a)(D) are unitarily equivalent for m < 0. Under this assumption 
A(a(y,D)) e (B 2 (R d ) ® L 2 (R d )) and U(a)(D) e ^ (L 2 (R d , I 2 (R d ))) . 

Finally, as a fourth topic we discuss applications of the representa- 
tions in spectral theory of a.p. pseudodifferential operators. Shubin has 
shown that the spectra of a.p. pseudodifferential operators considered 
as operators on L 2 (R d ) and on B 2 (R d ), respectively, coincide. More 
precisely we have aL2(a(y, D)) = cr B 2(a(y, D)) (where a(y,D) denotes 
the closure of an unbounded closable operator [20] ) when < 5 < p < 1 
and a G APS° p S or a G APHS™/ 10 with m > (27|. (Here APHS™/ 10 
denotes formally hypoelliptic symbols, see Definition 11.21 ) He has also 
shown that aip.(a(y, D)) = cr L 2 fiSS (a(y, D)), i.e. the whole spectrum is 
essential under the same assumptions |26j . In [21] . Rozenblum, Shubin 
and Solomyak indicate with a brief sketch that the same assumptions 
imply a B 2(a(y, Dj) = cr B 2 ess (a(y, D)). We give a detailed proof of this 
result. As a consequence of these results on the essential spectrum, it 
follows that an operator in APL° p S (where p,S satisfy (11.81) ) cannot be 
compact on neither L 2 nor on B 2 unless it is zero. 

If a G APS^s and the symbol a does not depend on £, then we show 

that a B 2 (a(y, D)) = a B 2 ess (a(y , D)) = Ran(a). If a does not depend 
on x, then a B 2(a(D)) = a B 2 ess (a(D)) = Ran(a), the point spectrum is 
a B 2 p (a(D)) = Ran(a) and the continuous spectrum is cr B 2 cont (a(D)) = 
Ran(a)\Ran(a). If there exists £ £ ^ d sucn that a(x, £ ) = ^#(a(-, £o)) 
for all x G M d , then ^(a(-,^ )) £ crs 2 ,ess(a(^, D)). 
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Finally, we have the following invariances of the spectrum over the 
three representations. If < p < 1, < 8 < 1, 8 < p and a £ APS Q p& 
then 

au»(a(y,D)) = a B2lS)L 2(A(a(y, D)) = <r P (U (a)(0)) = a L 2 {M d tl 2 ) (U(a)(D)). 

(The first identity is proved in [29] ). If0<5<p<l and a £ 
APHS™l m ° where m > then 

Pi 

<xv(a(x,D)) = a B w(A(a(y,D))) = ap (11(a)(0)). 

(The first identity is proved in under slightly less general hy- 

potheses.) Note that a L 2r^d t m(U(a)(D)) is missing in the latter se- 
quence of equalities. Although U(a)(D) is adjoined to a von Neumann 
algebra which is a factor of type 11^, in the same way as A(a(y, D)), the 
latter representation is not as useful for spectral theory as the latter, 
since there is no connection to the spectrum of the original operator, 
that is a£2(a(x, D)) = a B 2(a(x, D)). 

1. Preliminaries 

C denotes a positive constant that may vary over equalities and in- 
equalities. For an integer m > we denote by C m (M. d ) the space of 
functions such that d a f is continuous for |a| < m, and C°° = f] m C m . 
Cf,(lR d ) is the space of continuous and supremum bounded functions, 
and C^°(lR d ) is the space of smooth functions such that a derivative 
of any order is supremum bounded. C^°(lR d ) denotes the space of 
compactly supported smooth (test) functions. The Schwartz space of 
smooth rapidly decreasing functions is written J^(IR d ) and its dual 
J^'(R d ) is the space of tempered distributions. A character on M. d with 
frequency £ £ M. d is denoted e^(x) = e 2wi ^' x , and TP (M. d ) is the space 
of trigonometric polynomials on Mr consisting of functions of the form 

N 

(1.1) f{x) = ^a n e Cn (x), a„£C, £ n £ R d . 

n=l 

If A is a topological vector space and the coefficients a n £ A in (II. ip 
then / £ TP(M. d , X) is an A-valued trigonometric polynomial. 

As usual we denote by 5 a = 8 (- — a), a £ M. d , a translated Dirac 
measure at the origin of M. d . We denote by 5( a ) the function on Mr that is 
zero everywhere except a £ M d where it equals one. The same notation 
is used when the domain is Z d , in which case 5^) is the Kronecker delta. 
Translation is written T x f(y) = f(y — x) and modulation M^f(x) = 
e 2mx '^f(x) for functions defined on M d . The linear span of a finite set 
of vectors in a vector space is denoted span(xi, • ■ • , x n ). 
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The Fourier transform for scalar- or Hilbert space-valued functions 
is defined by 



We denote coordinate reflection by Rf(x) = f(—x). By H <g> H' we 
denote the Hilbert space tensor product [20] of the Hilbert spaces H 
and H'. If the spaces are merely vector spaces, then we use the same 
notation for the algebraic tensor product, that is, the space of finite 
linear combinations of simple tensors. 

We will use the counting measure on R d and an associated family of 
weighted Hilbert spaces. For s e R and (A) = (1+|A| 2 ) 1/2 , I 2 = l 2 {R d ) is 
the space of complex-valued sequences (^a) AeM d with at most countably 
many nonzero entries, normed by 



The spaces I 2 are nonseparable Hilbert spaces. When s = we write 
Iq = I 2 , and If is the subspace of I 2 consisting of sequences of finite 
support. (This condition can also be expressed as compact support in 
the discrete topology of R d .) We have 



where (x,y)p = ^2 xm d x\y~\. The dual of I 2 , denoted (7 2 )', can be 
identified isometrically (I 2 )' = l 2 _ s by means of the bilinear form (-, -)js. 

We will use some integration theory for vector-valued functions. A 
function / : M h-> X, where (M,^,fi) is a measure space and X is a 
Banach space, is said to be strongly measurable [6l|20] if there exists a 
sequence (/ n ) of simple (finite range) measurable functions such that 
fn — * f almost everywhere. The function / is weakly measurable if 
M 3 x i—)- (f(x),y) is measurable for all y G X', which denotes the 
topological dual of X. Strongly measurable functions are always weakly 
measurable |20j, and if X is a separable Hilbert space then weakly 
measurable functions are strongly measurable [2U1 Thm. IV. 22]. The 
Bochner integral f M f(x)dfi(x) (cf. [6]) exists provided / is strongly 
measurable and 





x\\i2 = sup \(x,y)p 




As a particular case of this situation we use functions and distribu- 
tions defined on R d that take values in I 2 . More specifically we need the 
/ 2 -valued Sobolev spaces H t {R d , I 2 ). A tempered / 2 -valued distribution 
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F G y'(R d , I 2 ) satisfies F G H t (R d , I 2 ) if F G £? oc ( Rd > ^) and 



Here F G L^ oc (M d , /^) refers to Bochner integrability. This implies that 
F is strongly measurable, which in turn implies that F takes values in 
a separable subspace of I 2 , almost everywhere. Therefore also F takes 
values in a separable subspace of I 2 . For a background on vector- valued 
distributions we refer to Amann's book [2J. 

We will also use continuous functions U : R d t-> Jz?(l 2 ,l 2 ), where 
J*?(l 2 , 1 2 ) denotes the space of linear bounded operators I 2 >-)■ I 2 equipped 
with the operator norm, s,t G R, J£{l 2 s ) : = J?(l 2 ,l 2 ). Since U is 
strongly measurable it may be Bochner integrated provided its norm 
is integrable. 

We will work with spaces of a.p. functions (cf. [HCE], 28J). The 
basic space of uniform a.p. functions is denoted C ap (R d ) and defined 
as follows. A set Q C R d is called relatively dense if there exists a 
compact set K C R d such that (x + K) fl Vt ^ for any x G E d . An 
element t eR d is called an e-almost period of a function / G Cb(R d ) 
if sup^. | /(re + r) — /(x)| < e. C , ap (lR a! ) is defined as the space of all 
/ G Cf>(lR d ) such that, for any e > 0, the set of e-almost periods of 
/ is relatively dense. With the understanding that the uniform a.p. 
functions are a subspace of C&(M d ), this original definition by H. Bohr 
is equivalent to the following three [TBI I2"g] : 

(i) The set of translations {/(• — x)} xe ^d is precompact in Cb(R d ); 

(ii) / = g o i B where is is the canonical homomorphism from R d 
into the Bohr compactification R d B of R d and g G C(R B ). Thus 
/ can be extended to a continuous function on R B ; 

(iii) / is the uniform limit of trigonometric polynomials. 

The Bohr compactification G B of & locally compact abelian group 
G is a compact abelian topological group defined as the dual group of 
(£?', with discrete topology), that is G B = (G' discr )' [28] . 

The space C ap (lR d ) is a conjugate- invariant complex algebra of uni- 
formly continuous functions, and a Banach space with respect to the 
L°° norm. For / G C ap (lR d ) the mean value functional 



where Kt = {x G R d : < Xj < T, j = 1, . . . , d}, exists independent 
of s G R d . By ^ x we understand the mean value in the variable x 
of a function of several variables. The Bohr-Fourier transformation 
(cf. [TB]) is defined by 




1/2 



< OO. 



(1.2) 




^Bf(X) = fx = ^(/(x)e 



), AG R d , 
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and fx 7^ for at most countably many A G M. d . The set A = A(/) = 
{A G M. d : fx 7^ 0} is called the set of frequencies for /. 

A function / G C ap (lR <i ) may be reconstructed from its Bohr-Fourier 
coefficients (/a)aga using Bochner-Fejer polynomials [16j[28]. The re- 
construction formula may be written as the uniform limit 



;i.3) ./I'') limVif K (A)/ A e teA 



aga 

where (K n )™ =1 is a sequence of functions on IR d , such that for each 
n > 1 we have: The support of K n is finite, K n (X) = for A ^ A, 
and < K n (X) < 1 for all A G R d . Furthermore, K n {\) -> 1 as 
n — > oo for each A G A. For a set J 7 C C ap (lR' :i ) that is precompact (or, 
synonymously, totally bounded) the limit (11.31) is uniform over T (see 
e.g. [3U Lemma 1]): 



1.4) sup sup 

fefx 



f{x)-Y,K n {\)he 2 ™' x 
aga 



—7-0, n — > oo. 



For m G N, the space C™(R d ) is defined as all / G C m (M d ) such that 
d a f G C ap (M d ) for H < m, and C£(M d ) = n meN C^(R d ). Then 



C5 = c ip ncr 

The mean value defines an inner product 

;i.5) (f,g)B = ^(fg), f,geC, 



and \\f\\ B = {!J)b defines a norm on C ap (M d ), since ||/|| fl = 
f = 0, due to Plancherel's formula for C ap (IR d ) [TB] 

(i-6) ^(i/i 2 ) = £ i^i 2 - 

AGK d 

The completion of C ap (M d ) in the norm || • \\b is the Hilbert space of 
Besicovitch a. p. functions B 2 (M. d ) [25]. We have the isometric isomor- 
phism B 2 (R d ) ~ L 2 (M^) where L 2 (R d B ) denotes the square integrable 
functions on the Bohr compactification R B , equipped with its Haar 
measure /i, normalized to /x(Rjg) = 1 [28] - 

For a Banach space X, the space of X-valued a. p. functions is 
denoted C ap (lR d ,X). It enjoys many of the properties of C SLp (R d ), 
for example the equivalence among properties (i), (ii) and (iii) above 
(cf. [HIHHE]). When X is a Hilbert space we also have the natural 
generalization of Plancherel's formula (11.61) . and C 3jP (R d , X) can be 
completed in the norm 

II/IIb M = (^(II/(^)II 2 ,)) 1/2 

to the Hilbert space- valued Besicovitch space B 2 (R d , X). 



8 P. WAHLBERG 

Analogous to the usual Sobolev space norm 

\\f\\ H * m = ( [ (0 2s l/(0l 2 ^ 

Shubin [25] has defined Sobolev-Besicovitch spaces of a.p. functions 
H s (R d B ) for s G E, as the completion of TP(R d ) in the norm corre- 
sponding to the inner product 

(/,<?Wl) = E (0 2s h % f,g e TP(R d ). 

It follows that 

(1.7) ^ B : H s (R d B ) ^ l 2 s (R d ) is unitary for any s eR. 

The spaces H S (R B ) are nonseparable Hilbert spaces, H°(R B ) = 5 2 (]R a! ), 
and H°°(R d B ) = f] sm H s (R d B ). We have 

II/IIh«(r|) = SU P I(/^)b|» 

and the dual (/7 S )'(IR^) can be identified isometrically with if _s (IR^) 
by means of (-, -) B . We have the embedding C™(R d ) C H°°(R d B ), but 
there is no result corresponding to the Sobolev embedding theorem for 
the Sobolev-Besicovitch spaces. In fact, H°°(M. B ) is not embedded in 
C ap (M d ) [25]. 

We will use the family of Hormander symbol classes (cf. [T0l[T3P 30~]). 
with an almost periodicity condition in the space variables for each 
frequency (cf. [251429] ). We impose the conditions 

(1.8) 0<p<l, 0<5<1, 5<p. 

Definition 1.1. For met the space APS™ S is defined as the space 
of all a G C°°(R 2d ) such that a(-,£) G C ap (R d ) for all £ G R d , and 

(1.9) sup (0" m+p|ah<5|/3| |^a(x,OI < oo, a,p G N d . 

We consider the Kohn-Nirenberg quantization of pseudodifferential 
operators, defined by 

(1.10) a(x,D)f(x)= [ e 2 ^a(x,0/(0^, / G ^(M d ). 

If the symbol a does not depend on x then we write ct(-D) instead of 
a(x,D). If a G APS^ then a(x,D) : ^(M d ) <y(R d ) continuously. 
In order to extend the operator to act on C£°(R d ) one modifies the 
definition fll.lOp into 
(1.11) 

a(x,D)f(x) = lim / ^(ey) ^) e 2 ^^ a(x,$ f(y)dyd£ 




REPRESENTATIONS OF A. P. PSEUDODIFFERENTIAL OPERATORS 9 

where ip G C^IR^) equals one in a neighborhood of the origin. With 
this definition it can be shown (cf. [251 128]) that a(x,D) : i-> 
C~(M d ) continuously if a G APS^. 

The operators corresponding to the symbol classes APS™ S are called 
a. p. pseudodifferential operators, denoted APL™ S , and following con- 
vention (cf. j25JESlEB!), we set 

APS% = |J APS™ S , APS- 00 = f| APS%, 

met meR 
APL™ 8 = |J APL™ 5 , APL~°° = f| APL£, 

met met 

where the intersections do not depend on p, 5. 

Let T Q _£a(x, rj) = a(x, r) + denote translation in the second argu- 
ment. We note that 

(1.12) (T _ s a)(x, D) = M_ c o a(x, D) o M ? 

holds for both definitions (11.101) and (II. lip . 

For a pair of symbols a, b such that a(x, D)b(x, D) is well defined we 
define the symbol product # by 

(1.13) c = a# 6 c(x,D) = a(x,D) 6(ar,£)). 

For the symbol classes APS™ S , the symbol product is a continuous 
bilinear map (cf. [TUlfrS"] ) 

(1.14) APS™ 5 # APSl & C AP^+*\ m,n£l. 

In fact, it is shown in [28, Thm. 3.1] that a # 6 G APS™£ n for a G 
APS™ 5 and 6 G APS™ S , when p = 1 and 5 = 0. The proof extends to 
p, 5 that satisfy (11.81) . For a proof of the continuity of the bilinear map 
(I1.14p under more general assumptions we refer to [TCH[T3"]. 

The following definition gives a sufficient condition for the operator 
a(x,D) to be hypoelliptic (cf. [23130]). 

Definition 1.2. A symbol a G APS™ S is called formally hypoelliptic 
[30] . denoted a G APHS™$ m °, provided there exists C, R > and 
m < m such that 
(1.15) 

\a(x,0\>C® mo , \£\>R 

\{d^ x a(x,o) o(x,e) _1 | < c^(0" p|a|+ ^', iei > r- c atP > o. 

The space of operators a(x, D) such that a G APHS™'™ is denoted 
APHL™/ 10 . If < <5 < p < 1 and a G APHSjf , there exists 
according to [25j Thm. 5.1] a symbol 6 G APHS~^ 0, ~ m such that 

(1.16) b(x,D)a(x,D) = I-r(x,D), a(x, D)b(x, D) — I — r(x, D), 
where r, r G APS* -00 . The operator b(x,D) is called a parametrix. 
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Shubin has shown 

(1.17) aeAPSl 5 \\a(x,D)\\y iL 2 } = \\a(x,D)\\y {B2) <oo. 

In fact, the norm equality is proved in [27J Thm. 5.1] (see also |28j ) 
for < 6 < p < 1, and the proof extends to the assumption (11.81) . 
If a G APS™ S where m > then a(x, D) is in general not bounded, 
neither on L 2 {R d ) nor on B 2 {R, d ). Instead it may be considered an 
unbounded operator on either L 2 {R d ) or B 2 {R d ). From (I1.14p it follows 
that APL^ S is an algebra of unbounded operators on L 2 (R d ) and on 
B 2 (R d ). 

The space of linear unbounded closable operators on a Hilbert space 
H is denoted L(H). For T G L(H) we will denote by Ker T, Ran T, 
Dom T, Coker T = if/Ran T, and T, its kernel, range, domain, coker- 
nel, and closure, respectively. Dom T will always be dense in H. The 
notation / is also used for the complex conjugate of a function /, and 
the closure A of a subset A of a topological space, ambiguity being 
avoided from the context. 

An operator A G L(H) is positive on a vector space X C H if 
(Af,f) H > for all f e X. This is denoted A > where the 
spaces X and if are understood from the context. We will use the 
following pairs (X,H): (R d ) , L 2 (R d )) , (TP(R d ), B 2 (R d )), (l},l 2 ), 
(y(R d , I 2 ), L 2 (R d , I 2 )) and (TP(R d , y(R d )), B 2 (R d , L 2 (R d ))). 

Let £/ be an algebra of unbounded operators on a Hilbert space H. 
A common domain Dom srf C H, dense in H, is assumed to exists for 
all Ae/ Each operator A G is assumed to have a formal adjoint 
A + G =2/ that satisfies (A/, g) H = (/, ^ for all /, # G Dom of. A 
representation of =2/ on L(H'), where if' is a Hilbert space, is a linear 
map 

T : srf h> L(#') 

that preserves operator composition and identity. It is assumed that 
there exists a common domain Dom Tsrf C H', dense in H'. The 
representation is called a faithful + -representation if it preserves the 
formal adjoint operation and is injective. 

2. The representation by Gladyshev 

Gladyshev [11] introduced a transformation of covariance functions 
of a certain type of second-order stochastic processes, called almost 
periodically correlated (or cyclostationary), which has been important 
in the development of the corresponding branch of probability theory. 
The transformation maps the covariance function (or operator kernel) 
of an almost periodically correlated stochastic process into an operator 
kernel of a translation-invariant operator, which may be interpreted as 
the covariance function of a vector- valued weakly stationary stochastic 
process. This fact is due to Gladyshev's result that the map preserves 
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positivity. Since the covariance operator of an almost periodically cor- 
related stochastic process has a symbol that is almost periodic in the 
first variable, there is a connection to the theory of a. p. pseudodiffer- 
ential operators. 

Let us recall some definitions from [31] where Gladyshev's transfor- 
mation is studied in the context of a.p. pseudodifferential operators. 
Throughout this section we assume that (11.81) holds. We denote the 
Bohr-Fourier coefficients of a symbol a £ APS™ 5 by 



(2.1) a x (0 = a(-,0x = ^M^0e- 2mXx ), A £ R d . 



is countable [31] • Without loss of generality we may assume that A is 
a linear space over Q with closure A = R d . Based on (12.11) we define 



(2.2) U(a)(Ox,y = a y ^-\'), A, A',£ £ R d , a £ APS% S , 



which is a slight modification of the definition in [31]. In fact, there we 
defined U(a)(£)\ t \i only for (A, A') £ A x A. We consider U(a)(£) as 
the kernel of an operator acting on complex-valued sequences (zx)xeS 
with nonzero entries in a countable set S C R d . The operator defined 
by [7(a) (£) acting on z, evaluated at index A £ R d , is thus 



which is zero unless A £ A + S, which is a countable set. Thus U(a)(£) 
maps a sequence with countably many nonzero entries into another 
such sequence. Since a(x, D)e 2ntx ' x = a(x, X)e 2mx ' x (cf. [30]) we have 



Then 



A = A(o) = {A £ R d : 3£ £ R d : a A (0 ^ 0} 



(C/(a)(0 -z)x = U(a)(0x,x>zx> = a »-^ ~ 




{a(x,D)f,g) B = ^Mx^)e 2mxiX - X,) )fx9x> 



x,x'm d 




x,x'eR d 




3=||j2 <1, \\y\lfi <1 



m — s 




— \\a{X, i^)||j5f(H 4 (H|),H*- rn (R|)) 

= ||a(:r, D)\\sf(H°(R*),n*- m (M. d )) < °°> s £ R, 
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where the last equality is a consequence of (11.141) and (j!.17p (see e.g. 
[2D Cor. 1]). Moreover, (£3]) gives 

(2.5) a(x,D)>0 on TP(R d ) U(a)(0)>0 on l). 

The operator- valued function £ i-> £/(a)(£) may be used to define a 
Fourier multiplier operator 

(2.6) U{a)(D)F(x) = [ e 2m ^ x £/(a)(£) ■ F(£) d£ 

acting on vector-valued functions 

R^x^ (F A (x)) AeA , 

where initially we let F(x) = (F A (x)) AeA G <y(IR d ,Z/)- We denote the 
map a(x,D) i— > U(a)(D) by 

(2.7) £7(a(z, £>)) = ?7(a)(L>), a G AP£™ 5 . 
Since 

(2.8) C/(1)(£) A , A , =5 (A ,_ A) = I* 2 , (e« d , 

we have U(I)(D) = I where J denotes the identity operator, both on 
y(R d ) and on y(R d ,lj). 

Next we study continuity and growth properties of the operator- 
valued function £ H- ?7(a)(£). The following result improves [2D Prop. 3] 

Proposition 2.1. If a E APS™ 5 then we have for any seK 

(2.9) 

U(a)eC°°(R d ,J?(lll 2 s _J), 
(2.10) 

C^-M-i™-.! < ^(^(Oll^^) < C7.<0 W+|WM| , > 0. 

7/m < £/&en we /iave i/ie isometry 

(2.11) ||^(a)(e)|U ( P) = ||i7(a)(0)|U (i2) , £ G M d . 

Proo/. By [2D Prop. 3] we have U(a) G C(M d , _Sf (Zf , Z*_J). Since 
^(£/(a))(£) = C/(^a)(£) (cf. [31]) and G AP£™- p|a| C APS^, 
the result ([23]) follows. 

In order to prove CT!]) . let £ G M d . Since 17(a) (f) = C/(T o _ f a)(0) 
we get using (11.121) and (|27^|) 

Il f/ ( a )(0llif(i2,z2_ m ) = ||(^o,-{o)(a;,D)|| jSf ( ffi ( R d) iHs -m( K d)) 

sup |(M_ € a(x,D) Msf,g)v\ 

II/IIh s <i, |[s|lHm-«<l 

= sup \(a(x,D)f,g) L 2\ . 

||M_ £ /|| H a<l, ||M_^|| Hm _ s <l 
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Since ll/Hfr'fR*) — Cs(0' S 'll^-?/ll-H" s (K d ) f° r some C s > we obtain 

1-1/ 



\\U(a)m^_ m) = C s (O lsl C m ^ s (O l 



snp (a(x, D^iO^f, C m l s (0^9)^ 

\\M-sf\\ Ha <l, ||M_ efl || Hm _ s <l 

< c(o lsl+lm -%(x,D)\y {HS>HS - m) = c(o lsl+lm - sl \\u(a)m^ a _ m) , 

which proves the upper bound (12.101) . The lower bound follows from 

\\U{aW)\\niUl. m ) = ll^( T o,-£a)(-OIU (W _j 



<C(0 |s|+|m - s| ||t/(T ,_ e a)(0)||^ ? ^ 



) 

|s|4-]m— s\ I 

« I I' /II />!■' I 

s — m> 

d 



^C{0^ m - sl \\U(a)(m^ s _ m y 
Finally, if m < then we have for £ £ 

\\U(a)(0\\j?(i2) = \\(T ^a)(x,D)\\^ {L 2 {m 

sup \(M^ a(x,D) Mtf,g)v\ 

II/II L 2<1, || 9 || L 2<1 

= sup \(a(x,D)f,g) L 2\ 

I|A/- 5 /|| l2 <1, ||A/-c9|| L 2<l 

= \\a(x,D)y (P) = \\U(a)(Q)y ( p), 
proving (12. lip . □ 
Corollary 2.2. If a £ APS 1 ^ i/ien /or any s £ E 
(2.12) U(a)(D) : H s (R d ,l 2 ) ^ iy-H-Hm--!^ £_j 

continuously. If m < tten U(a)(D) £ Jz^(L 2 (E d , Z 2 )). 
Proo/. Let F £ y(R d ,l 2 ). We obtain using fl2~TU|) 

\\U(a)(D)F\\ 2 H3 _ l3l _ lm _ s ^ Rd j 2 _ m - } 



< 



\ s ' s — m/ s 

- C||-^llH s (M d ,i2)- 

?) 



The density of ^(R d ,l 2 f ) in Jf s (E d ,/ 2 ) now proves fl2~T2|) . Finally, 



if m < then U(a)(D) £ Jzf (L 2 (E d , Z 2 )) follows from f[2~TTj) and 
Plancherel's theorem for L 2 (E d , / 2 ). □ 



Next we prove a result that simplifies the proofs of [311 Prop. 4 and 
Thm. 2]. 



Lemma 2.3. //a £ APS 1 "^ i/ien /or any £ £ E d and any s £ 



2 . v 72 

s— m 



(2.13) C/(a)(0 = (^ B RM_z) a(x,D) (^ B RM^)* : l s \-+l 
is continuous. 
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Proof. From Proposition 12. II we know that U(a)(£) : l 2 s h-> l 2 ^ m is con- 
tinuous for any sGR and any £ G R , and (I2.3P gives the factorization 

(2.14) U (a)(0) = & B R a(x, D) (& B R)* . 

Combined with (I1.12p this gives 

U(a)(0 = U(T ^a)(0) = & B R (T ^a)(x,D) (& B R)* 
= (& B RM_z) a(x,D) (& B RM^)\ 

□ 

In order to formulate the following corollary of (12. 14ft . we need a 
result by Shubin (cf. [25 4 Thm. 3.4], |28. Thm. 3.2 and Cor. 4.1] and [H 
Thm. 18.1.7 and p. 94]). If APL™ S then there exists a formal adjoint 
operator a(x,D) + = a + (x,D) G APL™ S with symbol a + G APS% S , 
that satisfies 

(a(x,D)f,g) L2 = (f,a(x,D) + g) L2 , f,ge ^(R d ), 
(a(x, D)f, g) B = (f, a(x, D) + g) B , f,g& TP(R d ). 

We denote by U(a)(£) xx , = U(a)(£) x , x the Hermitean conjugation of 
the kernel U(a)(£). We use I 2 as a common domain for all operators 
{U(a){0),aeAPS%}. 

Corollary 2.4. The operators 

U(a)(0):l 2 ^l 2 _ m and a(y,D) : H S (R B ) i-> H s ~ m (W B ) 

are unitarily equivalent for any seK. Considering the algebra APL^ S 
either as a subspace in L(B 2 (R d )) or in L(L 2 (R d )) , the map 

a(y,D)^U (a)(0) 

is a faithful + -representation of APL^ S on L(l 2 (R d )). It is positivity 
preserving in the sense that a(x, D) > on TP(R d ) if and only if 
U (a)(0) > on I 2 . 

We note that a(x, D) > on TP(R d ) is equivalent to a(x, D) > 
on y(R d ) (cf. [23] and [2D Cor. 2]). As a consequence of Lemma |2~31 
we also obtain the following result which contains [311 Prop. 4 and 
Thm. 2]. 

Proposition 2.5. If a £ APS™ S and b G APS n p S then 

(2.15) U(a# b)(0 = U(a)(0-U(b)(0, £ G R d . 

We have a(x,D) > on TP(R d ) if and only ifU(a)(£) > on lj for 
all£eR d . 
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Proof. We obtain from (I1.14p . Lemma [2.31 and (11 . 13)) 

U(a# b)(£) 

= (& B RM-{) a(x, D) b(x, D) (& B RM-(f 

= (& B RM-s) a(x,D) {PbRM-zY {& b RM^) b(x,D) (3? B RM^)* 

= U(a)(t)-U(b)(£), ^l d , 

which proves (12.151) . From (11.121) we may conclude that a(x, D) > on 
TP(R d ) is equivalent to (T ,_ 5 a)(x, D) > on TP(R d ) for any £ E R d , 
which by (12.51) is equivalent to U(a)(£) > on I 2 for any £ E R d . □ 

We get consequently the following result. Here we use ^(R rf , IV) as 
a common domain of all operators {U(a)(D), a E APS^}. 

Corollary 2.6. Considering the algebra APL^ S either as a subspace 
in L(B 2 (R d )) or in L(L 2 (R d )), the map 

a{x,D) i-> U{a{x,D)) = U(a){D) 

is a faithful + -representation of APL^ S on L(L 2 (R d ,l 2 )). It preserves 
positivity in the sense that a(x, D) > on TP(R d ) if and only if 
U{a){D) > on y{R d ,l 2 ). 

Proof. For a E APS™ 5 and b E APS n pS we have by (ITT3]) and (12151) 
U(a(x, D)b{x, D)) = U(a# b(x,D)) = U(a)(D) U(b)(D) 
= U(a(x,D) U(b(x,D)). 

By Lemma [2.31 

C/(a + )(0 = (& B RM- 6 ) a(x,D) + (^ B RM^)* = U(a)(£) + . 
This gives for F, G E y{R d , I)) 
(F,U(a)(D)+G) L2(m2) = (U(a)(D)F,G) L2(Rdp) 



that is, U(a(x, D)) + = U(a(x, D) + ) which proves that U is a "'"-repres- 
entation. If U{a){D) = then U(a)(£) x ,A> = for all £, A, A' E R d , 
which implies that a = due to the fact that the Bohr-Fourier inversion 
formula (11.31) gives 




(F,U(a + )(D) G) 



a 



(x,0= Hm> K n {\) U(a)(0-x, 
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Thus a(x, D) = and the representation is faithful. 

If a(x, D) > on TP(R d ) then 17(a) (f) > on I) for all ( G R d by 
Proposition [23] If F G y(R d ,lj) we thus have 

(U(a)(D)F,F) L2 ^ = ! (t7(o)(e)-%),%))pde>0 

which proves that U preserves positivity. Suppose on the other hand 
that U(a)(D) > on & '(R d , I)) . Let z E I 2 and pick p G C c °°(M d ) 
with support in the unit ball such that if > and H^IU 2 = 1- With 
if £ (x) = E~ d l 2 Lp{xj e) and F £ (x)\ = ^~ 1 (p E (x)z\ we then have 

< (U(a)(D)F e ,F e ) L 2n SL dm = [ (U(a)(t)-z,z) l2 <^(£) 2 d£ 

— > (tf (a)(0) .«,*),», e^O, 

where we have used Proposition 12.11 and the shrinking support of ip e . 
Therefore U (a)(0) > on l 2 f which implies that a(x, D) > on TP(R d ) 
according to (I2.5p . □ 

3. The representation by Coburn, Moyer and Singer 

In this section we always assume that (11. 8ft holds. For x E Mr and 
a G APS™ S the symbol a x is defined by 

a x (y,0 = a(x + y,0 = (T_ xfi a)(y,0 G APS™ 5 . 

It follows from ffTTTUD and ffTTTTj) that 

a x (y, D) = T_ x o a(y, D) o 7^. 

Abbreviating TP = H s (R d ), we have 

(3.1) ||oa.(j/, D) H^.^r—m) = ||a(y, D)\\#( H . iH .-m), x G Mr 1 . 
In [3], a linear transformation 

(3.2) a(y,D)^A(a(y,D)):=A 

is defined, such that A is an operator acting on a function of two 
variables u : R d x M d i— )■ C, according to 

(Au)(x,y)= [ e 2m ^a(x + y,0^2u(x,0d£ 
(3.3J jRd 

= (a x (y,D) u(x, ■)) (y), 

where &i denotes partial Fourier transformation in the second R d vari- 
able. The operator A is well defined for a G APS™ S , for example if 
u G C ap (M d ) ® ,y(M. d ). The study of this transformation is developed 
further in {261129] . 

In order to prove a result about the continuity of the operator A we 
need the following lemma. 
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Lemma 3.1. For any seRwe have the Hilbert space isomorphism 

B 2 (R d ) <g> H s (R d ) ~ £ 2 (M d , if s (R d )). 

Proo/. Let be an ONB for H s (R d ). Since {e A } AeRd is an ONB 

for B 2 (R d ), [M Prop. II.4.2] implies that {e A ® ¥>»}Ae»«,neN is an ONB 
for B 2 (R d )®H a (R d ). Define T(e A ®^„) = e x <p n . Since {e A ^ n } AeR d neN 
is an orthonormal system in B 2 (R d , H s (R d )), T extends by linearity 
to a continuous map T : B 2 (R d ) <g> H s (R d ) ^ B 2 (R d , H s (R d )) that 
preserves inner products. It remains to prove that T is onto. Suppose 
/ G B 2 (R d , H s (R d )) and 

(/, e A v?n)s2 (KdiHS(Md)) = Jt x ({f(x), (Pn)H*(Rd)e\(xj) = 0, A G R d , n G N. 

Since {e A } AgR d is an ONB for B 2 (R d ), this means that x i— > [f(x), ^nju 
in B 2 (R d ) for all n G N ^ ^ x (\(f(x),^ n ) H s {Rd) \ 2 ) = for all n G N. 
This is equivalent to 

\n=0 / 

that is / = in B 2 (R d , H s (R d )). Thus {e x <f n }xm^neN 

is an ONB in 

B 2 (R d , H s (R d )) and T is unitary. □ 

Proposition 3.2. For a G APS™ S i/ie map A extends to a continuous 
map 

(3.4) A : 5 2 (M d ) ® PP^) ^ _B 2 (IR a! ) g> /p- m (R d ), s G R. 

Proo/. We abbreviate iP = PP(M d ), = y{R d ) and P 2 = P 2 (M d ). 
Let s G R and feS*. 

As a first step we claim that x a x (y,D)f extends to a strongly 
measureable function R^ 

In fact, {a(-,£) /(0(£) d+1 }£eiR d Ca P (^ d ) is a precompact family of 
functions, since it depends continuously on £ in the C ap (IR d ) norm [31] 
and decays to zero at infinity. Thus, according to fll.4[) there exists for 
any £ > a positive integer jV e such that 
(3.5) 



sup sup 



mm 



<£, n>N £ 



(a(z,£)-^ n (A) a A (£) e 2 ^ A ) 
V AeA / 

Since |a A (f)| < C(£) m we have for o G ^ 

p„,(x) := V tf n (A) e 2 ™ A / f e 2m y^ax(0 /(0 ^) ^ G TP(M d ) 



AeA 
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Combining with ( 13. 5 p it follows that 
\(a x (y,D)f,g) L 2 - p n (x)\ 

Jh* ^ ( a(X + V > " S K nWe 2m(x+v) X ax(Z?J /(£) i(yj ^ dy 

\\g\W Wi-y^hh xeR d , n>N e . 

It follows that the function x i— >■ (a x (y, D)f, g) L z G C ap (lR d ), because 
it is a uniform limit of trigonometric polynomials. Next let g G jjm-s 
and pick (g n ) C ^ such that ||g — g n ||.H" m - s - > as n — » oo. Then ( 13. ip 
gives 

\(a x (y,D)f,g) L 2 - (a x {y, D)f, g n )&\ < \\a x (y, D)f\\ H s- m \\g - g n \\ H ™-° 
< \\a(y,D)\\jz iHStHS - m) \\f\\ H s\\g - g n \\ H m-s, xeR d , 

which implies that x !->■ (a x (y, D)f, g)i? G C ap (K d ) for any g G H m ~ s . 
Since a function in C ap (IR d ) can be extended to a function in C(Wg) (cf. 
[28]). we may conclude that Rg 3 14 (a x (y, D)f, g) L 2 is a measurable 
function for any g G H m ~ s . Since the dual (H s ~ m )' can be identified 
with H m ~ s via the form (-, -) L 2, this means that R^ 3 x i— )■ a x (y,D)f 
is a weakly measureable function i— > H s ~ m . By [201 Thm. IV. 22] 
the function 9 x h- >■ a x (y,D)f is strongly measureable. Thus we 
have proved our claim: 

(3.6) 3 x \-> a x (y, D)f G H s ~ m is strongly measureable. 
Let x i — y u(x, ■) G TP(R d , 5?), which means that u has the form 

n 

(3.7) u(x,-) = J2 e2 ^ j ' X h> ^' GRd ' ' / - 

3=1 

Then 

Au(av) = a x (y,D) u(x,-) = ^ ( -'- •'>/,.!//. /;.)./) 

extends by (I3.6P to a strongly measureable function i-> H s ~ m . 
Therefore it may be integrated. We obtain using Lemma 13.11 (13.11) . 
and denoting the Haar measure on R^ by /i, 

ll^wllfla®^— ™ = -^i (\Wx(y,D) u(x, OII^.-») 

\\a x (y,D) u(x,-)\\ 2 H s- m fJ,(dx) 

< I hx{y,D)\\% {HSiHs - m) \\u{x,-)\\ 2 Hs fi(dx) 

= \\a(y,D)\\%, H . H .- m) / \\u(x,-)\\ 2 H s n(dx) 



B 



^(H»,H s - m ) 
\ a (y> D)\\%(H° ,H s - m )\\ u \\B 2 ®H ! > 
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Finally (JS3D follows from the density of TP(R d ,y) in B 2 (R d ,H s ) ~ 
B 2 <g> H s . □ 

It follows in particular from Proposition 13.21 that if for a £ APS 1 ^ 
then A £ y(B 2 (R d ) <g> L 2 (M d )). 

Next we prove that the map (13.21) is a representation. We use 
TP(R d , y) as a common domain of all operators {A(a(y,D)), a £ 

Proposition 3.3. Considering the algebra APL C ^ 5 either as a subspace 
in L(B 2 (R d )) or in L(L 2 (R d )), the map 

a(y,D)^A(a(y,D)) 

is a faithful + -representation of APL™ 5 on L(B 2 (R d ) <g> L 2 (R d )). It 
preserves positivity in the sense that a(y, D) > on TP(R d ) if and 
only ifA>0on T P (R d , y (R d )) . 

Proof. Again we abbreviate B 2 = B 2 (R d ), H s = H s (R d ) and & = 
y{R d ). First we prove that if a £ APS% S , b £ APS% S , A = A(a(y, D)) 
and B = B(b(y, D)) then A(a# b(y, D)j = A o B. We have (cf. [13]) 

a# &(x,0 = e 2 * iD *- D »a(x,r])b(z,0 

z=x, r]=£ 

where we denote e 27TlDz ' Dri = and A4 is the multiplier oper- 

ator (M.f)(z, rj) = e 27riz,J? /(z, rj) in the Fourier domain. Hence 

a# 6(x +y,0 = ^ (e 2 ™-^ (a(x + y, •)&(•,£))) 

z=x+y, r)=£ 

= {e 2 ™<*> +x ^ ((T_^ a)(y, •)&(', 0)) 

*=!/> 

= &~ X (e 2 ^^((T. xfi a)(y r )(T^ b)(;0)) 

= (T_« ) oa)#o(T- a ,,o6)(!/ > 0- 
For x i — ^ ■) £ TP(]R d , =y) this means that 

A(a# b(y,D))u(x,y) = (T_ Xt0 (a# b))(y,D)u(x,-)(y) 

= ((T_ ai ,oa)# (r_« I o6)) (y,D)u(a:,.)(y) 
= (r^oa)^/, D)(T^ xfi b)(y, D)u(x, -)(y) 
= A(Bu)(x,y). 

Since the map (13. 2p preserves the identity operator, a(y, D) \-t A(a(y, D)) 
is a representation. 

Suppose A = as an operator on B 2 ®L 2 . Then ./^i||a x (y, D)/||| 2 = 
for all fey, which implies that x i-> a^y, D)/ = in C ap (IR d , L 2 ). 
Thus a x (y,D)f = for all x £ M d , in particular x = 0, for any / £ 
y. It follows that a(y, D) = in L(L 2 ) and L(B 2 ) and a(y, £>) ^ 
A(a(y,D)) is faithful. 



2=2/, 1?=? 
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Next we look at the formal adjoint operation of A. Since a(y,D) + = 
a + (y,D) where a + G APS™ S , A(a(y, D) + ) extends to a bounded oper- 
ator B 2 ®H S ^ B 2 ® H s ~ m for any s6i Let g, f G Y and A, y, G R d 
be the frequencies of two characters e\ and e M . We have 

(e A ® flf, A + (e M <g> f))B 2 ®L 2 = (A(e A <g> 5-), e M ® f) B *®L* 



Jtx \ e\(x) e M (a?) (a x (y,D)g,f) 



L 2 



= Jtx (e\(x) e^(x) (g,a x (y,D) + f) L 2 

Since a x (y,D)+ = (T„ x a(y , D)T X ) + = T_ x a(y , D) + T x and A G M d , 
g E ,5? are arbitrary, we deduce that v4 + = A(a(y, P) + ) when the 
operators act on the algebraic tensor product TP(M. d ) ® J^R'*) ~ 
T P (M> d , J? (M. d )) . The representation A is therefore + -invariant. 

Finally we prove the preservation of positivity property. Suppose 
a(y, D) > on TP(R d ), which is equivalent to a(y, D) > on y(R d ). 
Since a x (?/, D) > on y(R d ) we have for x 1— )■ w(x, •) G TP(M d , ^) 

•), u(rr, -)) L 2 = (a x (y, D)u(x, •), -))x2 > 0, a; G M d , 

which gives 

(iM,M) B 2g i2 = „d( x (Au(x, -),u(x, -)) L 2 > 0. 

Thus A > on TP(M d , J?* 7 ). 

On the other hand, suppose that (Au, u) b 2 ®l 2 > for all u G 
TP(M. d , y). Let h G C^IR^) and define the sequence of functions 
{Kn)^=ii used in the Bohr-Fourier reconstruction formula (11. 3p . based 
on the frequencies A corresponding to /i. Then ^^ l K n G TP(IR d ) is 
nonnegative |16j and we may hence write K n = \f n \ 2 for /„ G 

C a p(M d ) (Cf. P]). 

Next we need Parseval's formula (/, p)b = (<^Bf,^Bg)p, f,9 £ 
P 2 (IR d ), which is the bilinear generalization of Plancherel's formula 
(JE5J. For p G TP (IR d ) we obtain 

^K„(A)^-M0) 



(|p| 2 ,/l) fl -/l(0) <|(b| 2 -|/n| 2 ^) B | + 



AeA 



< ||/i|U°°(||p|U°o + ||/„|U°°)lb _ /n|U°° + 



^K n (X)h x -h(0) 



AeA 



From (11 .3p it follows that the right hand side may be made arbitrarily 
small by first picking n sufficiently large and then picking p G TP(M> d ) 
in order to make \\p — f n \\L°° as small as necessary. It follows that there 
exists a sequence (p n )™ =1 C TP(IR d ), depending on h, such that 



(3.8) lim (\p n \ 2 ,h) B = h(0). 
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Let (p G y . From the proof of Proposition 13.21 we know that h(x) = 
(a x (y,D)p,p) L 2 G C ap (R d ). Put u n = p n <p G TP(R d ,y) where the 
sequence (p n )^Li Q TP(R d ) is chosen in order to satisfy (I3.8p . The 
assumption and (13.81) give 

< ^ x (Au n (x, -),u n (x, -)) L 2 = Jt x (\p n (x)\ 2 (a x (y,D)ip,ip) L 2*) 

(ip, a(y, D)ip) L 2, n -» +oo. 

It follows that a(y, D) > on y as well as on TP{R d ). □ 

4. Unitary equivalence for nonpositive order 

Also in this section we assume that fll.Sp holds. Let {fn}™^ C 
y{R d ) be an ONB for L 2 (R d ). We define the map Q from an ONB in 
B 2 (R d ) <g> L 2 (R d ) to L 2 (R d ,l 2 (R d )) by 

(4.1) Q(e A ® <f n ) = <fn{x) e„ x (x) 6(-a), A G R d , neN, x G 

Initially Q is defined only on the ONB {e\®np„} \ eK d neN . The following 
result extends its domain and range. 

Lemma 4.1. Q : B 2 (R d ) <g> L 2 {R d ) ^ L 2 (R rf , Z 2 (R rf )) denned 6y f|4TT]) 
extends to a unitary transformation. 

Proof. Since {e M <g)<£ n } MeR <i >neN is an ONB for j B 2 (1R q! ) (g)L 2 (lR d ), we have 

(<3(e M <g> </v), <g> </v))i 2 (R<M 2 (R d )) 

= (<p n e-n, <p n >e-,j,>) L 2( R d) (5(_ j[i ),5(_ At /))p( R dj = S^-^S^n 1 ), 

so {Q(e M <g> V 9 n)}^gR d ,neN is an orthonormal set in L 2 (IR ci , / 2 (IR d )). To 
prove that it is an ONB, suppose F G L 2 (lR d , / 2 (JR d )) and 

(4.2) (F, Q(e M ® (^ n )) L 2 (Mdii 2 (Md)) = V// G M d VnGN. 

By Pettis's measurability theorem [6], F(x) takes values in a separable 
subset of U C Z 2 (R d ) for almost all a; G R d . Thus there exists a null set 
iV C R d and a countable index set ACl d such that x G R d \ N and 
H G lR d \ A imply (F(s), S^)p = 0. Denoting F„(x) = (F(x),5 { ^)p for 
G M d , (H3) yields 

(F_ M e M , ^n) L2(Rd) = WneN <^ F_ M = in L 2 (M d ), 
for any /i G M d . Thus 

||F|| 2 2(Rdi2) = / ||F(a;)|| 2 2 tte = / ^ |F M (a;)| 2 rfx = 0, 

JR d \N JR d \N ~^~ K 

which implies that {Q(e M ® Vn)} ^R d .n&i is an ONB and Q extends to 
a unitary transformation. □ 
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Lemma 4.2. Suppose f E C 6 °°(R d+n ) ; f(-,y) E C ap (M d ) for all y E R n 
and y h+ \\f(;y)\\ L ~ m E L 1 ^). Then J Rn f(-,y)dy E C ap (R d ) and 

( / f{x,y) dy \ = J? x (f(x,y)) dy. 

\jR n J JR n 

Proof. The integral J R „ f(x, y)dy can be approximated, uniformly in x, 
by a finite sum of C ap (IR d ) functions. Therefore it belongs to C ap (]R a! ). 
By Fubini's theorem we have 

( / f(x,y) dy) = lim / ( / f(x,y)dy)dx 

yjRk J t^+oo j Kt \J Rn J 

= lim / T~ d (/ f(x,y)dx)dy. 

T ^+°° Jr™ \Jk t J 

The result follows from Lebesgue's dominated convergence theorem, 
since the integrand with respect to y is dominated byy\-> ||/(-, 2/) HiWRrf)- 

□ 

For a e AP5° i(5 , Corollary O implies U(a)(D) E ^ (L 2 (R d , I 2 )) , and 
A(a(y, D)) E ^'(B 2 (R d )0L 2 (R d )) by Proposition E2J The next result 
says that these operators are unitarily equivalent. 



Proposition 4.3. If a E APS s then the operat 



ors 



U{a){D) : L 2 (R d , l 2 (R d )) H- L 2 (R d , l 2 (R d )), 
A(a(y, D)) : B 2 (R d ) ® L 2 (R d ) ^ B 2 (R d ) ® L 2 (M d ) 

are unitarily equivalent. 

Proof. Let {y>„}~ =0 C J^(M d ) be an ONB for L 2 (M d ), and let n E N 
and /x e M d . We have 

([/(«)(£) • <J(_ M) ) A = a_ M _ A (£ + //), £, A G M d , 

and hence for A E R d 
(4.3) 

(l7(a)(D)(Q e/l ® <p n )(y)) x = f e 2m v< (U(a)(0 ■ 6^) x <p£^(t) 



= e_ M (y) a_ M _ A (7J) (p n (y). 
On the other hand we have, writing A = A(a(y, D)), 

A{e tl ®ip n ){x,y) = e tl {x) [ e 2 * iy < a{x + y, £) £„(£) d£. 
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We compute the coefficients of A(e^ <g> ip n ) with respect to e\i <8> <^ m , 
A' G IR d , m£N. By Lemma [3.11 and Lemma [4.21 we have 

= ^ ( e- XI (x) [ [ e 2m ^ + y^ a (x + y, £) £„(£) ^Jyj d£ dy 
Since A(e^ <g> G 5 2 (R d ) ® L 2 (M d ), we have 

OO 

El 1 2 

m=0 

for each A' G M d . Therefore for any A' G M d 
(4.4) 

OO 

(v) 

m=0 

oo 

= y^ey-p ay-^(D) Lp n ,ip m ) L 2 ip m (y) = ey-fiiy) ay-^(D) (p n {y) 

m=0 

with convergence in L 2 (K d ). The identity (14.41) thus holds for all y G 
M. d \ N^x' where C M. d is a null set depending on /i, n, A'. We 

obtain for any A G R d , and y G R d \ iV Mn _ A , using (O]) . (O]) and 
T3J), 

(gA( eAt ®^ n )(y)) A 

Vn)j e A' <8> <£> m ) j B 2 ig)L 2 eA ' ® V 9 "! I (?/)a 
\A'gIR d , meN / 

= E w 

C M ® V 9 ™), Ca' ® <£m) B 2^ L 2 Q{Gy ® i fm){y)\ 



A'GR d , mgN 

= E w 

A'GM d , mGN 

= ( A ( e » ® ^»)> e - A ® b 2 ^ 2 ^ m ^) eA ^) 

meN 

= e_ M (y) a_ A _ M (D) </?n(y) = (U(a)(D) (Qe M ® y>„)(y)) A . 

Since U(a)(D)(Qe fl <g> <£> n ), QA(e M <g> y3 n ) G L 2 (lR d ,/ 2 ) there exists by 
Pettis's measurability theorem a null set A^ iTl C M. d and a countable set 
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K,n Q ^ d such that yeR d \ N^ n implies {U{a)(D){Qe„ <g> (p n )(y)) x = 
{QA(e^ <g> (p n )(y))x = for A G R d \ A^ n . Define the null set 

N = N^ n U |J N^ x CR d . 
AeA M ,„ 

We have 

\\QA(e^<f n )-U(a)(D)(Q 

Therefore A and Q*U(a)(D)Q are equal when they act on the ONB 
{e M (g> <Pn} u,en d neNi an d hence A = Q*U(a)(D)Q on the whole Hilbert 
space B 2 (R d ) g) L 2 (IR d ). □ 



5. Applications to spectral theory 

A closed operator T on a Hilbert space H is called Fredholm if 
dimKer T < oo and dimCoker T < oo. Then Ran T = T Dom T 
is automatically closed [9j Thm. 1.3.2]. 

We recall some facts about the spectrum of an unbounded, closed, 
densely defined operator T on a Hilbert space H (cf. [20J). The resol- 
vent set Ph{T) consists of all s G C such that T — si is injective, surjec- 
tive and has a bounded inverse. The spectrum is the complement oh = 
(Jh(T) = C \ ph(T). It is partitioned as cr# = cr h, d [J Ch, ess m t° the 
essential spectrum cr# iess and the discrete spectrum ajj >d = cr H \ an, ess- 
There are several definitions of the essential spectrum (cf. [SJ[T5J|2D]). 
We use the following: s G cr^ ess if and only if T — si is not a Fredholm 
operator. If T is selfadjoint we have the following characterization of 
(JHd U Thm. IX.1.6]. 
(5.1) 

s G &H,d if an d only if s is isolated in <jh and dimKer(T — si) < oo. 

Here s isolated in on means that there exists an e > such that 
(s - e, s + e) n a H = {s}. 

The spectrum is also partitioned as an = cth, p U ^tf.cont U <J H,ies M ■ 
The point spectrum a H v consists of all s G C such that T — si is not 
injective, the continuous spectrum aH )Cont consists of all s G C such that 
T — si is injective and Ran(T — si) = H, and the residual spectrum 
<JH,ms is all s G C such that T — si is injective and Ran(T — si) C H. 
Let T be a densely defined closable, not necessarily closed, operator T 
with closure T. Then s £ &h{T) if and only if for some C > 

\\(T-sI)f\\ H >C\\f\\ H , / G Dom T, 

{ ' j \\{T-8l)*f\\ H >C\\f\\ H , / G Dom T*, 



where T* denotes the adjoint of T. 
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In Thm. 11.1] Shubin proves the following result for a. p. pseu- 
dodifferential operators, considered as possibly unbounded operators 
on L 2 (WL d ). Here a(x,D) denotes the closure in L 2 (IR d ) of a closable 
operator a(x,D) with original domain C£°(R d ). 

Proposition 5.1. (Shubin J2b^ ) Suppose that (II. 8p holds and a G 
APSpg, or suppose that < 5 < p < 1 and a G APHS™g m ° where 

m > m > 0. Let s 6 C. If the operator a(x, D) — si is Fredholm on 
L 2 (M. d ) then it has a bounded inverse. 

As a corollary it follows that the whole spectrum of certain a. p. 
pseudodifferential operators, considered as possibly unbounded opera- 
tors on L 2 (IR d ), is essential. 

Corollary 5.2. (Shubin JMj ) Suppose that (Ol) holds and a <G APS° p 5 , 
or suppose that < 5 < p < 1 and a G APHS™'™ where m > m > 0. 

Then a L 2(a(x,D)) = a L 2 jeaa (a(x, D)). 

The corollary gives the following result that nonzero operators with 
symbols in APS pS cannot be compact on L 2 (E, d ). For related results, 
see p. 292] and [19, Cor. 5.2]. 

Proposition 5.3. If ( II. 8p holds and a G APS° p6 then a(x,D), consid- 
ered as an operator on L 2 (IR d ), is not compact unless it is zero. 

Proof. Suppose a(x,D) is compact as an operator on L 2 (R d ). Then 
b(x, D) = a(x, D)*a(x, D) is compact and selfadjoint. The spectrum of 
b(x, D) with respect to L 2 (IR d ) is a sequence of eigenvalues p, G R such 
that dimKer(6(x, D) — pi) < oo if p ^ 0, with the only possible limit 
point zero [HI Thms. 1.1.7 and 1.1.9]. But according to Corollary 15.21 
the spectrum of b(x, D) is essential. By (15. ip the spectrum is thus {0}. 
A selfadjoint operator b(x, D) with spectrum equal to zero is zero, due 
to the formula (see [20| Thm. VI. 6]) 

SUp \s\ = \\b(x,D)\\y {L 2y 

Hence a(x, D)*a(x, D) = which is equivalent to a(x, D) = 0. □ 

The next result concerns the statements corresponding to Proposi- 
tion EH] and Corollary 15 . 2 1 when the operators act on B 2 (M> d ) instead of 
L 2 (M. d ). A brief sketch of a proof of the following proposition is given 
in (211 pp. 189-190]. We give a detailed proof based on the ideas in the 
proof of j26j Thm. 11.1]. Here a(x, D) denotes the closure in B 2 (R d ) 
of a closable operator a(x, D) with original domain TP(JL d ). 

Proposition 5.4. Suppose that (II. 8p holds and a G APS pS , or suppose 
that < 5 < p < 1 and a G APHS^" 1 " where m > m > 0. Let s G C. 

If the operator a(x, D) — sI is Fredholm on B 2 (M. d ) then it has a bounded 
inverse. 
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Proof. Set A s = a(x, D) — si. We will prove the implication 

(5.3) < dimKer A s < oo ==>- Ran A s is not closed. 

This implies the claimed result. In fact, suppose (15.31) holds. The 
symbol a + of the formal adjoint of a(x, D) behaves as follows. In the 
first case flT8]) and a G APS° >S , we have a+ G APS% S [ZS Thm. 3.4]. 
In the second case 0<<5<p<l,m> m > and a G APHS™g m ° , we 

have a + G APHS™f° (cf. ^ Prop. 1.5.3]). Denoting Af = a+(x,D)- 
sl, it thus it follows from (15. 3p 

(5.4) < dimKer A^ < oo =>- Ran A* is not closed. 

According to [27J Thm. 4.2] we have Af = A* when a G APHS^f 10 , 
< 5 < p < 1 and m > m > 0. (For (fUHJ) and a G APS° 5 this 
equality is trivial.) Suppose A s is Fredholm. Then Ran A s is closed, 
and by [151 Thm. IV.5.13] also Ran A* is closed. The implication (15. 3 j) 
gives 

dimKer v4 s = or dimKer v4 s = oo, 

and since Ker A* = (Ran A,,) 1 - [15], (15. 4 p together with = A* give 

dimCoker A, = or dimCoker A s = oo. 

Hence v4 s cannot be Fredholm unless dimKer A s = dimCoker A s = 0, 
which by the Closed Graph Theorem implies that A s has a bounded 
inverse. 

It remains to show the implication (15.31) . Suppose that < M = 
dimKer A s < oo and Ran A s is closed. By 0, Thm. 1.3.4] there exists 
£ > such that 

(5.5) \\A s iP\\ B >e\\iP\\ B , ^e(KerA s ) x . 

Let N > M be an integer and let 5 < e/N. Pick g G Ker A s that 
satisfies \\g\\B — 1 an d A s g = 0. Since A s is the closure of a(x, D) — si 
with domain TP(R d ) there exists / G TP(R d ) such that ||/|| B = 1 and 
IKf||B<*/4. 

Let G C£°(R d ) be a cutoff function parametrized by R > such 
that (fn{x) = 1 for |x| < i? and (pn(x) = for \x\ > R + i? K where 
< « < 1, and let denote the Lebesgue measure of the ball 

Br C M d of radius centered at the origin. Then by [28j Lemma 4.1] 
we have 

\\A s f\\l = lim IBjunMvMh, f e TP(E d ). 

Hence 

1 = ||/|||= lim l^l-l^/Hia 

ft— >+oo 

and we obtain by choosing h = /k/||/r|U 2 , where / B = |.BR| _1/ Vft/ 
and R > is sufficiently large, a function /i G C£°(M d ) such that 
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\\h\\ip = 1 and 

(5.6) \\A s h\\ L 2 < 5/3. 

In the next step we construct, as in the proof of [26 1 Thm. 11.1], 
{h k )k=i Q C™(R d ) such that 

(5.7) (h k , h,) L 2 = S (k _ eh 1 < k, £ < N, 

(5.8) HA^fclU 2 < S/3, 1 < k < N. 

The construction proceeds inductively starting from N = 1 and hi = h. 
Supposing that (15. 7p and (15. 8p hold for N = j — 1, one defines hj = 
h(- —yj) for some translation parameter yj G M. d . For sufficiently large 
Uj the orthonormality (15.71) is satisfied for 1 < k,£ < j. The bound 
(15. 8p for k = j is obtained by means of (I5.6p and a (large) translation yj 
within a set of common ^-almost periods of {& s (-, 0(£) _2m '}£eR d 5 where 
m! > m, b s is the symbol of (a(x, D) — sl) + (a(x, D) — si), and 9 > is 
sufficiently small. For any 9 > 0, the set of common ^-almost periods 
for {& s (-,0(£r 2m 'W d is relatively dense, since {b s (-, 0(0~ 2m '}zm d is 
precompact in C ap (lR d ). 

Now we use [28| Lemmata 4.2 and 4.3]. More precisely, we define 
the convolution 

^ = Xl *heC™(R d ), heC?(R d ), x ^C™(R d ), 
where the sequence (xj)'jLi Q C^(R d ) is chosen in such a way that 

gj(y) := ^ x (Xj(x - y)Xj(x)) ^ $o in y"(R d ), j oo, 

(5.9) \\A s h\\ L 2 = hm WAs^Wb, h G C c °°(R d ). 

j-ycc 

Defining ip k ,j — Xj * hk this gives, using Fubini's theorem, 

(ipk,j,i>£,j)B = h k (y) h e (z) gj{y - z) dydz — ► (h k , h e ) L 2 = 5r k -£), 

J JR 2d 

as j — > oo, 1 < k,£ < N. The hermitian (Gramian) matrix Gj = 
(ipk,j, ^£,j)B £ C NxN is thus nonsingular for j sufficiently large. It may 
be factorized as 

g s = u^u; 

where Uj G <C NxN is unitary and Ej G <C NxN is diagonal with diag- 
onal elements {aj^)k=\ equal to the nonzero eigenvalues of Gj. By 
Gersgorin's theorem [12] , aj jk — > 1 as j — > oo for each 1 < < N. 
We define 

AT 

$k,j = ^2(Uf) k , n 1pn,j, Jk,j = $kj/\$kj\\B, 1 < k < N. 
n=l 

Then (jk,j)k=i — B 2 (R d ) is an orthonormal system and HV^jlls = a j,k 
for 1 < k< N. By and (CT . ||A> nj -|| B < 5/2 for 1 < n < N, for 
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j sufficiently large. Therefore the fact that Uj is unitary and <jj^ — > 1 

give 

(5.10) 

N 

-l/2V^|/rm Ml A „,, || / -1/2 ■ 



n=l 

for all 1 < A; < N, provided j is sufficiently large. 

Let if) E P 2 (IR d ) belong to the subspace V spanned by {jk,j)k=i- 
Then if) = Y.k=i c k7k,j, IMII = SfeLi l c fc| 2 , and flEED yields 

iV 

(5.11) HAVIIb < \c k \\\A slKj \\ B < 5N\\if)\\ B < e\\if)\\ B . 

k=l 



According to the following Lemma [575l we may choose if) G Fn(Ker ^4 S ) 
such that if) ^ 0. But this means that (15. lip contradicts (15. 5p . There- 
fore < dimKer A s < oo and Ran A s is closed cannot hold, which 
proves the implication (I5.3p . □ 

Lemma 5.5. Let H be a complex Hilbert space and let U C H and 

V C H be two nonzero finite- dimensional subspaces. Then 

dim(V) > dim(C/) Kflf/^O. 

Proof. We prove the equivalent implication 

(5.12) VHU ± =0 => dim(V) < dim(E/). 

Let n = dim(V) and let (/»)£=! C 1/ be an ONB for V. Let P denote the 
orthogonal projection P : H i— )■ [/ '. Then P/, G C/\0 for each 1 < % < n, 
since P/j = gives the contradiction fi = (I — P)f\ E V C\ U 1 - = 0. 
Suppose that Ym=i a iPfi — where ^ 6 C for 1 < i < n. Then we 
have 

ai fo ) = °> 

.i=i 

which implies Y^i=i a ifi E V C\ U 1 - = 0. Thus a$ = for 1 < « < n 
which shows that (P/«)™ =1 C [/ is a linearly independent set. Hence 
dim([/) > n = dim(V r ). □ 

Proposition 15.41 has the following consequences, the second of which 
is proved analogously to Proposition 15.31 

Corollary 5.6. Suppose that (11. 8p holds and a E APS Q p5 , or suppose 
that < 5 < p < 1 and a E APHS™g m ° where m > m > 0. Then 
a B 2(a(x,D)) = a B 2 jess (a(x, D)). 



Corollary 5.7. If (II. 8p holds and a E APS° p5 then a(x, D), considered 
as an operator on P 2 (IR d ), is not compact unless it is zero. 
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Next we study the spectrum of operators whose symbols depend on 
only one variable, that is, the operator is either a Fourier multiplier or 
the operator of multiplication with a C^(R d ) function. 

Proposition 5.8. Let m G R and a G APS™ S . 

(i) If a(x,£) = a(x) for all x,£ G R d then 

(5.13) cr B 2 (a(x, D)) = a B 2 css (a(x, D)) = Ran(a). 

(ii) Ifa(x,g) = a(0 G R for all x,£ G R d then 

(5.14) a B 2(a(D)) = a B 2 fiSS (a(D)) = Ran(a), 

(5.15) a B 2 >p (a(D)) = Ran(a), 

(5.16) a B 2 cont (a(D)) = Ran(a) \ Ran(a). 

Proof, (i) In this case a G APS^ and a(x, D) G Jzf(5 2 ). The first 
equality of (I5.13P follows from Corollary 15.61 The second equality is 
proved by means of the equivalence: s a B 2(a(x, D)) if and only 
if (15 .2p holds true for some C > 0, with T = a(x, D) and H = 
Dom a(x, D) = P om a{x , D)* = B 2 {R d ). 

In fact, if s ^ Ran(a) then e := infa-gud \a(x) — s\ > 0. Hence for 
/ G B 2 (R d ) we have 

\\(a(x, D) - sI)f\\ 2 B = Jt x {\{a{x) - s)f{x)\ 2 ) > e 2 \\f\\ 2 B , 
\\(a(x, D) - slYfWl = ^ x (Mx)-s)f(x)\ 2 ) > e 2 \\f\\ 2 B , 

so s ^ a B 2(a(x, D)) follows from (15. 2p . Thus a B 2(a(x, D)) C Ran(a). 

Suppose on the other hand s G Ran(a). Let e > 0. There exists 
x £ G R d such that \a(x e ) — s\ < e. The function R d 3 x i— >■ a(x) — s 
may be extended to a continuous function on R B . Therefore there exists 
an open neighborhood U £ C R B containing x e such that \a(x) — s\ < e 
for x G ?7 e . The Haar measure ^{U £ ) of C/ £ must be nonzero, since 
otherwise we could cover the compact group R B with a finite number 
of translations of U e , implying the contradiction that the Haar measure 
of R B is zero. The indicator function xu e nas thus nonzero L 2 (IR^) 
norm, and it follows that \\(a(x,D) — sI)xu s \\b < £ ||xc/ e ||s- Since 
e > is arbitrary it follows that (15. 2\i cannot hold. Hence Ran(a) C 
a B 2(a(x, D)) and the second equality of (15.131) is proved. 

(ii) In this case a(D) is a Fourier multiplier operator and acts on 
TP(R d ) as a{D) = ^~ l M a ^ B where (M a x) x = a{\) x x , A G R d , 
x G / 2 (lR d ). We take the closure of a(D) as an unbounded operator on 
B 2 (R d ). By the proofs of P Thms. III.9.2 and IX.6.2], the closure is 

(5.17) 'ajD) = ^ B 1 M a ^ B 

with Dom a(D) = {f G B 2 (R d ) : J] AeRd |a(A)/ A | 2 < oo}, and M a is a 
closed operator with domain Dom M a = {x G l 2 (R d ) : X^AeK d l a (^) x A| 2 < 
oo}. Moreover M* = M^. 
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If s ^ Ran(a), then e = inf^ gR d |a(£) — s\ > and 

\\{M a - sl)z\\p > e\\z\\p, z G Dom M a , 
\\(M a - sl)*z\\i2 > e\\z\\i2, z G Dom M*. 



Hence s ^ <7p(M a ), and thus a B 2(a(D)) = 0^2 (M a ) C Ran(a), the first 
equality being a consequence of (I5.17p . 

Suppose s G Ran(a). Let e > and pick (etf such that |a(£) — s| < 
s. We have 

\\(M a - sT)6@\\p < £||%)||/2, \\{M a - sJ)*%)||p < e||%)||ia, 

and since e > is arbitrary we may conclude that s G ap(M a ). There- 
fore a B 2 (a(D)) = Ran(a). 



Next we prove a B 2(a(D)) = a B 2 ess (a(D)). Suppose s G a B 2(a(D)) \ 
" J B 2 ess (a(Z))), so that s G Ran(a) and M a — si is Fredholm on l 2 {R d ). 
Then either Ker (M a — s/) = or Ker (M a — s/) = span(5(^), . . . , %„)) 
where a(£) = s £ G {£?}" = i- Moreover, we have 
(5.18) 

\\(M a -sI) z\\% >C 2 inf |U-x||? a = C 2 V |z s | 2 

rreKer (M a -sl) 

for some C > 0, for all z G Dom (M a — sl), according to [HI Thm. 1.3.4]. 
Because a is continuous it is possible to pick £ G lR d \ {£j}™ = i such that 
l°(0 ~ s \ < C. Then 2 = 6(g) gives a contradiction to (I5.18p . It follows 
that a B 2{a{D)) = (T B 2 ess (a(D)). Thus (I5.14p is proved and it remains 
to show fl53oD and (j5TT6]) . 

If s = a(£) then z = 5(g) belongs to the kernel of M a — sl and hence 
belongs to the kernel of a{D) — si, which proves Ran(a) C a B 2 p {a{D)). 
If z G Z 2 (IR d ) \ belongs to the kernel of M a - si then (a(£) - s) 2 € = 
for all £ G M d , and thus a(£) = s must hold for some £ G R d . Hence 
cr s 2 , P (a(-D)) C Ran(a) which confirms (15.151) . 



If Ran(a) \ Ran(a) = then <J B 2 cont = also. Suppose Ran(a) \ 
Ran(a) 7^ and let s G Ran(a) \ Ran(a). Then a(£) 7^ s for all 
£ e R d and thus = Ker (M a - si) = (Ran(M a - sI)*) L . Hence 
Ran(M a — si)* = Ran(Ma— ~sl) is dense in Z 2 (IR d ), which is equivalent 
to Ran(M a — si) being dense in Z 2 (IR d ). Thus Ran(a) \ Ran(a) C 
Q"B2 ;Cont (a(D)). Finally a B 2 iCont (a(L>)) C a B i{a{D)) \ cr B a >p (a(D)) = 
Ran(a) \ Ran(a) which proves (15.161) . □ 

Remark 5.9. It is interesting to compare Proposition 15.81 (ii) with [9l 
Thm. IX.6.2]. The latter result says that if a(D) is a partial differential 
operator with constant coefficients then the spectrum of a(D) acting 
on L 2 (R d ) is a L 2(a(D)) = oj^ s (a(D)) = a L 2 fioat (a(D) = Ran(a), and 
thus a L 2 :P (a(D)) = a L 2 ^ cs (a{D)) = 0. 
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In the next theorem we use the unitary equivalence (I2.14p between 
a(x,D) acting on B 2 (R d ) and U (a)(0) acting on l 2 (R d ). 

Proposition 5.10. Suppose (ll.8p holds, m G E and a G APS™ S . If 
there exists £o G R d such that a(x,£o) = ^(a(-,£ )) for all x G R d , 
then Jt(a(-,^)) G a B 2 >ess (a(x, D)). 

Proof. Note that a (£o) — -^( a (",^o)) by (12. ip . Plancherel's formula 
yields for any £ G M d 

||(C/(a)(0) - S /) tf^Hj, = £ |a_g_ A (0 - a (^(-o)aI 2 



( 5 - 19 ) =|ao(0-*| 2 + EMOI 2 

= |ao(0-«l 2 + IK.OIIfl-|ao(Ol a - 

By the mean value theorem we have for £, 77 G M d 

a(x, £ + 77) — a(x, £) = (V 2 Re a(x, £ + ^77) + iV 2 Im a(x, £ + 8 2 r])) ■ 77 

where V2 denotes the gradient in the second R d variable and < 
Ql, &2 < 1- It follows from this and (11.91) that for any £ G R d we have 

IK-,£ + ?7) -a(-,f)IU» ->0, 

which implies 

I H;Z + v)\\b-M;Z)\\b\^0, V^O. 

In particular \\a(-, £0 + ^)||b ~ > ll a ('> £o)Hb — l a o(£o)| as 77 — )• 0. If we 
pick a sequence (£j)j^=i °f distinct vectors in M. d such that £j — > £ , we 
thus obtain from (I5.19P with s = ao(£o) an d the continuity of £ h->- ao(£) 
(cf. 0U) 

||(C/(a)(0) - a (£ ))/) 5 ( _ fe) || 2 2 = |a (£,) - a (£ )| 2 + IK-,£,)||| - MO 

— ► 0, j — )■ 00. 

Finally (l2~T4j) gives 
(5.20) 

||(o(a;,D) -00(^0)/) || s = (tf (a)(0) - a (£ Q )/) & B R 

= \\(U(a)(0)-a (Z )I) S^Wp 
— ► 0, j ->■ 00. 

This means that the first inequality of (15. 2p does not hold for any 
C > 0. Therefore ao(£o) G cr/32 (a(x, £))). 

Furthermore, we may use Weyl's criterion (see [9j Thm. IX. 1.3] 
and [20J for the case of bounded operators). In fact, the sequence 
(%)^Li Q B 2 (R d ) is orthonormal and therefore converges weakly to 
zero. Thus ( I5.20p combined with [HI Thm. IX. 1.3] imply that a (^ Q ) G 
o- B 2,ess(a(x,D)). □ 
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Our final result concerns the invariance of the spectra of an operator 
and its representations. 

Proposition 5.11. The spectrum is invariant as follows. 



(i) // dUBD holds and a G APS° S th 



en 



<j L 2(a(y,D)) = a B 2(a(y,D)) = a l2 (U(a)(0)) 

= <rB»9L*(A(a(y,D))) = a L 2 {Rd)l 2 ) (U(a)(D)). 
(ii) If0<5<p<l and a G APHS™g m ° where m > m > then 



°~l 2 (a(x, D)) = a B 2(a(x,D)) = ap (17(a)(0)) 



= a&®&(A{a(y,D))). 

Proof, (i) We use: s £ a B 2(a(x, D)) if and only if there is a C > such 
that (|52) holds with T = a(x,D), H = B 2 (R d ) and Dom a(x, D) = 
Dom a(x,D)* = TP(R d ). Note that, for bounded operators, the ad- 
joint equals the closure of the formal adjoint. Thus (15.21) may be for- 
mulated equivalently as 

(a(x, D) - sl) + (a(x, D) - si) - C 2 > 0, 
(5.21) V V ; J K V ; ' ~ 

(a(x, D) - sl)(a(x, D) - sl) + - C 2 > 

on TP(R d ). By (031) . (123]) . (IZBj) and Corollary El this is equivalent 
to the positivity on I 2 

(U(a)(0) - sI) + {U(a)(0) - si) -C 2 >0, 
(U(a)(0) - sI)(U(a)(0) - sl) + -C 2 >0. 
Moreover, (15.211) is by Corollary 12.61 equivalent to the positivity on 

y(R d ,i 2 ) 

(U(a)(D) - sI) + (U(a)(D) - si) - C 2 > 
(U(a) (D) - sI){U{a){D) - sl) + -C 2 >0. 
Finally, (15T2TD is equivalent to the positivity on TP(R d , ,Y(R d )) 
(A(a(y, D)) - sI) + (A(a(y, D)) - s I)-C 2 >0 
(A(a(y, D)) - sI)(A(a(y, D)) - sl) + - C 2 > 



according to Proposition 13.31 The equivalences 

s G cTg2 (a(x, D)) <=> s E ap(U (a)(0)) <=> s G a L 2 {M<i p ) (U(a)(D)) 

s G a B 2® L2 (A(a(y,D))) 

follow. Finally, if0<<5<p<l then (7^2 (a(x, D)) = a B 2(a(x, D)) 
is [271 Thm. 5.1], and the proof extends to the assumption (jl.8p . For an 
alternative proof of o~i?.(a(x, D)) = a B 2<% L 2(A(a(y, D))) we refer to 



(ii) For unbounded operators the closure of the formal adjoint a(x, D) + 
differs in general from the adjoint a(x, D)*. However, here the assump- 
tions imply a(x, D) + = (a(x,D))* (cf. the proof of Proposition 15.41 
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and [27] ), that is, the closure of the formal adjoint equals the adjoint 
of the closure. (We note that generally (T)* = T* for a closable opera- 
tor T [201 Thm. VIII.l].) Thus ( ICTj) is equivalent to s <£ a B 2(a(x,D)). 
By fl27HD and [21 Thm. 13.2] we have 

U(a)(0)+ = & B R a(x,D)+ (<& B R)* 
= & B R (a(x,D))* (^ B R)* 

= (uiamr. 

The arguments used in the proof of (i) now proves that 052 (a(y, D)) = 
a /2 (C/(a)(0)). The identi ty a L 2{a {y, D)) = a B 2{a{y,D)) is [23 Thm. 5.2]. 

Finally we prove (a(x, £>)) = a B 2 ®L 2 (A) where A = A(a(y, D)). 
The arguments in the proof of (i) are valid for this purpose, provided 
that we can show that (A+) = (A)*. According to [271 Thm. 4.1] it 
suffices to prove that A + A is essentially selfadjoint, which means that 
its closure is selfadjoint. By [201 Thm. VIII. 3] this is equivalent to 

(5.22) Ker((v4 + v4)* ± il) = {0}. 

To prove the theorem it thus suffices to establish (I5.22p . We know that 
a(y,D)+ G APHL™f\ a(y, D) + a(y, D) G APHL 2 p m / m ° and 

a(y,D)+a(y,D)+UeAPHL 2 ™> 2m ° 

(cf. [301 Props. 1.5.2, 1.5.3 and Lemma 1.5.3]). According to f l 1 . 1 6 j) there 
exists a symbol b G AP H S~ 2m °~ 2m such that 

(5.23) b(y, D) (a(y, D) + a(y, D) + il) — I — T where T G APL~°°. 

The operator A+A has domain Dom(A + A) = TP(R d ,y(R d )) and is 
symmetric. We may extend the domain and define the operator B = 
A + A with domain Dom(B) = f] s eR B2 ® Rs - Then A+A ^ B and B 
is symmetric. 

Suppose that / G Dom(A + A)* C B 2 <g> I? and 

(5.24) ((A + A)* + il)f — 0. 
This is equivalent to 

= (((A + A)* + il)f, g) B ^ L 2 = (f, (A + A - U)g) BW 

for all g G TP(R d , y). Let (f n )n=i Q TP(R d , y) be a sequence such 
that /„ ->■ / in B 2 <g> L 2 . By Proposition E2 {A + A + il)f n -> (A + A + 
il)f in E 2 ® #- 2m . For F <E B 2 ® H~ 2m and G E B 2 ® H 2m we have 
the inequality 

I (-^5 G 5 ) S 2 ®^ 2 I < ||^||B 2 ®H- 2 ™||G||B2(g| J H'2m. 
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Thus the symmetry of A + A gives for any g G TP (IR d , y) 

(f, (A + A - H)g) B 2®L2 = lim (/„, (A + A - iI)g) B *®L* 

n— >oo 

= \im((A + A + H)f n ,g) B 2® L 2 

n— >oo 

= ((A + A + i I)f,g) B 2 (SL 2. 

Hence (A+A + il)f = in B 2 <g> L 2 . If we now appeal to Proposition 
13.31 and use (I5.23P we get 

= A(b(y,D))(A+A + iI)f 
= A(b(y, D))A(a(y, D) + a(y, D) + il)f 
= A(b(y,D)(a(y,D) + a(y,D) + tI))f 
= A(I-T)f 
= f- A(T)f. 

Since A(T) : B 2 <g> L 2 H> f] seR B 2 ® F s by Proposition O, and we 
know a priori that / G B 2 ® L 2 , we may conclude that actually / G 
rUiR 52 ®^- This means that / G Dom( J B+i/), and {B+iI)f = Ohas 
only the trivial solution / = since -B is symmetric [221 Thm. 13.16]. 
By (15.241) we have now proved the "+" case of (I5.22p . and the "— " case 
follows similarly. □ 

Remark 5.12. Comparing case (i) and (ii) of Proposition loTTTl the spec- 
trum a L 2(^d^(U(a)(D)) is conspicuously missing in case (ii). However, 
for < 5 < p < 1, m > m > and a G APHS™$ m ° it seems diffi- 
cult to prove that o B 2 (a(x, D)) = a I 2f M dm(U(a)(D)). The reason is 
that Corollary 12.21 gives, for negative m, only U(a)(D) : L 2 (K d ,l 2 ) i-> 
H m (R d ,l 2 _ m ), whereas we need H~ m (R d ,l 2 _ m ), that is a gain of regu- 
larity, in the right hand side to prove equality of the spectra, using 
techniques similar to the last part of the proof of Proposition 15.111 

(cf. J261E7]). 

The fact that a B 2(a(x, D)) = & B 2®L 2 (A(a(y, D))) under the same 
assumptions is an advantage of the representation A(a(x, D)) compared 
to the representation U(a)(D). (See the next section.) 

6. Remarks on representations in a factor of type IIoo 

Let at be a von Neumann algebra (cf. 0[H]), that is, an algebra 
of bounded operators on a Hilbert space H, which is closed under the 
adjoint operation, and at = at" where at' = {B G ^(H) : BA = 
AB \/A G at} denotes the commutator of a$ ' . 

A closed operator T on a Hilbert space H is said to be adjoined (or 
affiliated to at, denoted Tr]at, if BT C TB for all B G at'. This is 
equivalent to (T — sI)^ 1 G at for all s £ &h(T) provided C\as(T) ^ 0, 
and if T is self adjoint then Trjat is equivalent to P t G at for all spectral 
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projections P t , t G K (cf. [2S1 Prop. 7.1]). If T is bounded then Tr\£rf 
means T £ 

In [3"|l2l)|l2"9"] it is shown that the representation A = A(a(y, D)) maps 
APL^ S into an algebra of operators that is associated with a certain 
von Neumann algebra That is, we have A(a(y,D)) 77 s^b for all 
a G APS™ S . The von Neumann algebra s^b is generated by the family 
of operators {M A <g> M A , J ® T M } AiMeRd acting on £ 2 (R d ) ® L 2 (M d ), 
and its commutant s#' B is generated by the family of operators {T_ A £g> 
T x , M M ®/} AiMeM , (cf. 0). 

The algebra is a so-called factor, meaning that s^b H = Ci\ 
Furthermore, £^ is of type IIoo which means that there exists a faithful 
normal semifinite trace (cf. [14,29]) which takes values in [0, +00] on 
the space of orthogonal projections in s^b-, and which is unique up 
to scalar multiplication. If A is selfadjoint one defines the function 
N(t) = tr P t , where {Pt}t£M. denotes the family of spectral projections, 
which characterizes the distribution of the spectrum of the operator A. 

For a uniformly elliptic, essentially selfadjoint partial differential op- 
erator a(y,D) with coefficients in C^{R d ), it is possible to show re- 
sults about the asymptotic behavior of N(t) as t — > +00, and to 
give upper bounds on the lengths of lacunae (gaps) in the spectrum 
of A(a(y,D)). Such results have been obtained by Shubin [2(i . us- 
ing the representation A(a(y,D)). According to Proposition 15.111 (ii) 
we have a^^a^x, D)) = cr B 2(a(x, D)) = aB^®i?{A{a{x,D))), so these 
spectral results apply to the operator a(x, D) acting on L 2 and on B 2 . 

Due to the equivalence of the representations A and U (Propo- 
sition 14.3)) . also the representation U(a(y,D)) is adjoined to a von 
Neumann algebra of type 11^, provided m < 0. In fact, we have 
U(a(y,D)) 7] Qs^bQ* for all a G APL° s , where Q^/ B Q* is a factor of 

type IIqo, conjugate to s$b- However, the representation U(a(y,D)) 
does not seem to be as useful as A(a(y, D)) in order to obtain results 
for the spectrum of a(y, D) similar to Shubin's results described in the 
preceding paragraph, since for m > 0, (i) U(a(y,D)) is not adjoined 
to a factor of type IIoo, and (ii) Proposition 15.111 gives no connection 
between a L 2(a(x, D)) and cr L 2^ R d ^(U(a)(D)). 

References 

[1] Amerio L. and Prouse G., Almost-Periodic Functions and Functional 
Equations, Van Nostrand, 1971. 

[2] Amann H., Vector-Valued Distributions and Fourier Multipliers, unpub- 
lished manuscript, 2003. 

[3] Coburn L. A., Moyer R. D. and Singer I. M., C* -algebras of almost 
periodic pseudo- differential operators, Acta. Math. 139 (1973), 279 - 307. 

[4] Corduneanu C, Almost Periodic Functions, Interscience Publishers, 1968. 

[5] Dedik P. E., Theorems on the boundedness of almost- periodic pseudodif- 
ferential operators, Siberian Math. J. 22 (3) (1981), 361-369. 



36 P. WAHLBERG 

[6] Diestel J. and Uhl J. J. Jr, Vector Measures, Math Surveys 15, AMS, 
1977. 

[7] Dixmier J., Von Neumann Algebras, North- Holland, 1981. 

[8] Filippov O. E., Reduction of operators with almost periodic symbols to 
operators over C* -algebras on sections of associated bundles over a torus, 
Ann. Glob. Anal. Geom. 8 (2) (1990), 113-126. 

[9] Edmunds D. E. and Evans W. D., Spectral Theory and Differential Op- 
erators, Oxford Science Publications, 1987. 
[10] FOLLAND G. B., Harmonic Analysis in Phase Space, Princeton University 
Press, 1989. 

[11] Gladyshev E., Periodically and almost periodically correlated random pro- 
cesses with continuous time parameter, Theory Probab. Appl. 8 (1963), 173- 
177. 

[12] Horn R. A. and Johnson C. R., Matrix Analysis, Cambridge University 
Press, 1985. 

[13] Hormander L., The Analysis of Linear Partial Differential Operators, vol 
III, Springer- Verlag, 2007. 

[14] Kadison R. V. and RiNGROSE J. R., Fundamentals of the Theory of 
Operator Algebras, Vol. 1-2, Academic Press, 1983, 1986. 

[15] KATO T., Perturbation Theory for Linear Operators, Springer- Verlag, 1995. 

[16] LEVITAN B. M. AND Zhikov V. V., Almost Periodic Functions and Dif- 
ferential Equations, Cambridge University Press, 1982. 

[17] Oliaro A., Rodino L. and Wahlberg P., Almost periodic pseudodif- 
ferential operators and Gevrey classes, accepted for publication, Ann. Mat. 
Pura cd Appl., 2011. 

[18] Pankov A. A., Theory of almost-periodic pseudodifferential operators, 
Ukrainian Math. J. 33 (5) (1981), 469-472. 

[19] RABINOVICH V. S. AND ROCH S., Wiener algebras of operators, and ap- 
plications to pseudodifferential operators, Zeitschrift fiir Analysis und Ihre 
Anwendungen 23 (3) (2004), 437-482. 

[20] Reed M. and Simon B., Methods of Modern Mathematical Physics, vol I, 
Academic Press, 1980. 

[21] Rozenblum G. V., Shubin M. A. and Solomyak M.Z., Spectral Theory 
of Differential Operators, Encyclopaedia of Mathematical Sciences, Vol. 64, 
Partial Differential Equations VII, Springer- Verlag, 1994. 

[22] Rudin W., Functional Analysis, McGraw-Hill, 1973. 

[23] RUZHANSKY M. AND Turunen V., Quantization of pseudo- differential op- 
erators on the torus, J. Fourier Anal. Appl. 16 (2010), 943-982. 

[24] , Pseudo-differential Operators and Symmetries: Background Analy- 
sis and Advanced Topics, Birkhauser, Basel, 2010. 

[25] Shubin M. A., Differential and pseudodifferential operators in spaces of 
almost periodic functions, Math. USSR-Sb. 24 (4) (1974), 547-573. 

[26] Shubin M. A., Pseudodifferential almost-periodic operators and von Neu- 
mann algebras, Trudy Moskov. Mat. Obshch. 35 (1976), 103-163. 

[27] Shubin M. A., Theorems on the coincidence of the spectra of pseudodiffer- 
ential almost-periodic operators in the spaces L 2 (R n ) and B 2 (R n ), Sibirian 
Math. J. 17 (1976), 158-170. 

[28] Shubin M. A., Almost periodic functions and partial differential operators, 
Russian Math. Surveys 33 (2) (1978), 1-52. 

[29] Shubin M. A., The spectral theory and the index of ellipic operators with 
almost periodic coefficients, Russian Math. Surveys 34 (2) (1979), 109-157. 



REPRESENTATIONS OF AR. PSEUDODIFFERENTIAL OPERATORS 37 



[30] Shubin M. A., Pseudodifferential Operators and Spectral Theory, Springer, 
2001. 

[31] Wahlberg P., A transformation of almost periodic pseudodifferential op- 
erators to Fourier multiplier operators with operator-valued symbols, Rend. 
Sem. Mat. Univ. Politec. Torino 67 (2) (2009), 247-269. 

DlPARTIMENTO DI M ATEMATIC A , UNIVERSITA DI TORINO, VlA CARLO AL- 
BERTO 10, 10123 Torino (TO), Italy. 

E-mail address: patrik . wahlbergOunito . it 



